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Abstract
The Lagrangian of non-Abelian tensor gauge fields describes the interaction of the Yang-
Mills and massless tensor bosons of increasing helicities. We have found a metric-independent
gauge invariant density which is a four-dimensional analog of the Chern-Simons density.
The Lagrangian augmented by this Chern-Simons-like invariant describes massive Yang-
Mills boson, providing a gauge-invariant mass gap for a four-dimensional gauge field
theory. We present invariant densities which can provide masses to the high rank tensor
bosons.
1 Introduction
Several mechanisms are currently known for generating massive vector particles that are
compatible with the gauge invariance. One of them is the spontaneous symmetry breaking
mechanism, which generates masses and requires the existence of the fundamental scalar
particle - the Higgs boson. The scalar field provides the longitudinal polarization of the
massive vector boson and ensures unitarity of its scattering amplitudes [1, 2]1.
The argument in favor of a pure gauge field theory mechanism was a dynamical mech-
anism of mass generation proposed by Schwinger [3], who was arguing that the gauge
invariance of a vector field does not necessarily lead to the massless spectrum of its exci-
tations and suggested its realization in (1+1)-dimensional gauge theory[4].
Compatibility of gauge invariance and mass term in (2+1)-dimensional gauge field
theory was demonstrated by Deser, Jackiw and Templeton [18, 19] and Schonfeld [20],
who added to the YM Lagrangian a gauge invariant Chern-Simons density:
LYMCS = −
1
2
TrGijGij +
µ
2
εijk Tr (Ai∂jAk − ig
2
3
AiAjAk),
where Gij is a field strength tensor. The mass parameter µ carries dimension of [mass]
1.
The corresponding free equation of motion for the vector potential Ai = eie
ikx has the
form
(−k2ηij + kikj)ej + iµ εijl kjel = 0
and shows that the gauge field excitation becomes massive.
In this article we suggest a similar mechanism that generates masses of the YM boson
and tensor gauge bosons in (3+1)-dimensional space-time at the classical level. As we
shall see, in non-Abelian tensor gauge theory [21, 22, 23] there exists a gauge invariant,
metric-independent density Γ in five-dimensional space-time2:
Γ = εlmnpqTrGlmGnp,q = ∂lΣl, (1)
which is the derivative of the vector current Σl (l,..=0,1,...,4). This invariant in five
dimensions has many properties of the Chern-Pontryagin density P = ∂µCµ in four-
dimensional YM theory, which is a derivative of the Chern-Simons topological vector
current Cµ. Considering the fifth component of the vector current Σ4 ≡ Σ and fields
which are independent on the fifth spacial coordinate x4, one can get a gauge invariant
density which is defined in four-dimensional space-time3:
Σ = εµνρλTr GµνAρλ. (2)
Its dimensionality is [mass]3, therefore in order to get dimensionless functional in four
dimensions we should multiply it by the parameter m which has dimensionality [mass]1.
Adding this term to the Lagrangian of non-Abelian tensor gauge fields leaves intact its
gauge invariance, and to lowest order in coupling constant the equations of motion for the
YM field Aµ = eµe
ikx of helicities λ = ±1 and for the antisymmetric part Bµν = bµνe
ikx
of the rank-2 gauge field Aµν , which carries helicity zero λ = 0 state, can be written in
the following form:
(−k2ηνµ + kνkµ)eµ + im ενµλρkµbλρ = 0,
(−k2ηνµηλρ + kνkµηλρ − ηνµkλkµ)bµρ + i
2m
3
ενλµρkµeρ = 0.
1Extended discussion and references can be found in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].
2The definition of the higher-rank field strength tensors is given by formula (5).
3We are using Greek letters to numerate four-dimensional coordinates.
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These field equations describe massive state of the vector particle of the mass
M2 =
4
3
m2. (3)
Thus at the classical level the YM vector boson becomes massive. The anti-symmetric
tensor Baµν , which carries zero helicity state, provides the longitudinal polarization of the
massive vector meson, suggesting an alternative mechanism for mass generation in non-
Abelian gauge field theories in four-dimensional space-time. Because both of the fields,
the vector and the antisymmetric tensor, are in the adjoint representation, it follows that
all vector fields Aaµ, a = 1, ..., dimG acquire the same mass M. At this stage the symmetric
part ASµν of the rank-2 gauge field, which carries helicities λ = ±2, remains massless.
As a next step we shall demonstrate that in five-dimensional space-time there actually
exists an infinite series of invariants Γs (s = 1, 3, ...) which are constructed by means
of the totaly antisymmetric Levi-Civita epsilon tensor εlmnpq in combination with the
generalized field strength tensors Gmn,l1...ls. These invariants can be represented as total
derivatives of the vector currents Σsl :
Γs = ∂lΣ
s
l ,
where the vector currents Σsl involve a free index l carried by the Levi-Civita epsilon
tensor. Considering the fifth component of the vector current Σs4 ≡ Σs one can see that
the remaining indices will not repeat the external index. Furthermore, if all dependence of
the tensor gauge fields on the fifth spacial coordinate x4 is suppressed, we are left with the
invariant densities which are defined in four-dimensional space-time. Their dimensionality
is [mass]3 therefore in order to get dimensionless functional in (3+1)-dimensions we should
multiply them by the parameters ms which have units [mass]
1:
ms
∫
M4
Σs.
Adding these densities to the Lagrangian of non-Abelian tensor fields keeps intact its
gauge invariance, up to total divergence terms, so that the Lagrangian takes the following
form:
Lm = LYM +
∑
s
(Ls+1 +
2s
s+ 1
L
′
s+1) +
∑
s
ms Σs. (4)
The natural appearance of the mass parameters hints at the fact that the theory turns
out to be a massive theory.
In the next section we present a short introduction into the theory of non-Abelian
tensor gauge fields defining their gauge transformations, fields strength tensors and the
Lagrangian [21, 22, 23]. In section three we derive different properties of the metric-
independent and gauge invariant density Γ and of the corresponding vector current Σl
and its reduction to four dimensions. In section four we overview the helicity content
of the massless tensor gauge fields before including the topological mass term mΣ into
the Lagrangian. In section five we analyze how the spectrum of the theory is changing
when we add the invariant mΣ to the Lagrangian. As we shall see, a massive spin-1
YM boson with its three spin polarizations, λ = ±1, 0 appears in the spectrum, while
the antisymmetric field has been absorbed as its longitudinal polarization. In the sixth
section we are presenting infinite series of dimensionful invariants Σs (s = 1, 3, ...) which
exist in four-dimensional space-time and can be added to Lagrangian in order to generate
masses of the tensor bosons. In section seven we are presenting topological invariants in
six dimensions.
3
2 Non-Abelian Gauge Fields
In our recent approach the gauge fields are defined as rank-(s+ 1) tensors [21, 22, 23]
Aaµλ1...λs(x),
which are totally symmetric with respect to the indices λ1...λs. The number of symmetric
indices s runs from zero to infinity 4. The index a numerates the generators La of an
appropriate Lie algebra. The extended non-Abelian gauge transformation δξ of the tensor
gauge fields is defined in the Appendix and comprises a closed algebraic structure. The
generalized field strength tensors are defined as follows [21, 22, 23]:
Gµν = ∂µAν − ∂νAµ − ig[Aµ Aν ], (5)
Gµν,λ = ∂µAνλ − ∂νAµλ − ig( [Aµ Aνλ] + [Aµλ Aν ] ),
Gµν,λρ = ∂µAνλρ − ∂νAµλρ − ig( [Aµ Aνλρ] + [Aµλ Aνρ] + [Aµρ Aνλ] + [Aµλρ Aν ] ),
...... . ............................................
and transform homogeneously with respect to the extended gauge transformations δξ.
The tensor gauge fields are in the matrix representation Aabµλ1...λs = (Lc)
abAcµλ1...λs =
ifacbAcµλ1...λs and f
abc are the structure constants of the Lie algebra.
Using field strength tensors one can construct two infinite series of forms Ls and L
′
s
invariant with respect to the transformations δξ. They are quadratic in field strength
tensors. The first series is given by the formula [21, 22, 23]
Ls+1 = −
1
4
(
2s∑
i=0
asi G
a
µν,λ1...λi
Gaµν,λi+1...λ2s)(
∑
P
ηλi1λi2 .......ηλi2s−1λi2s ) , (6)
where the sum
∑
P runs over all nonequal permutations of λi
′s and asi =
s!
i!(2s−i)!
. The
second series of gauge invariant quadratic forms is given by the formula [21, 22, 23, 30, 32]
L
′
s+1 =
1
4
(
2s+1∑
i=1
asi−1
s
Gaµλ1,λ2...λi G
a
µλi2s+2 ,λi+1...λ2s+1
)(
′∑
P
ηλi1λi2 .......ηλi2s+1λi2s+2 ) , (7)
where the sum
∑′
P runs over all nonequal permutations of λi
′s, with exclusion of the
terms which contain ηλ1,λ2s+2 .
These forms contain quadratic kinetic terms, as well as cubic and quartic terms de-
scribing nonlinear interaction of gauge fields with dimensionless coupling constant g. In
order to make all tensor gauge fields dynamical one should add all these forms in the
Lagrangian [21, 22, 23, 30, 32]:
L = LYM + L2 + L
′
2 + ... + gs+1(Ls+1 +
2s
s+ 1
L
′
s+1) + .... (8)
The coupling constants g3, g4, ... remain arbitrary because each term is separately invariant
with respect to the extended gauge transformations δξ and still leaves these coupling
constants undetermined. The Lagrangian L is well defined in any dimension.
4A priori the tensor fields have no symmetries with respect to the first index µ. The free field theory
of totally symmetric tensors of high rank were constructed in [24, 25, ?, ?, 26, ?, ?, 8, 27, 28, 45, ?, 29].
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3 Metric-Independent Density Γ
Let us consider a new invariant in five-dimensional space-time (4 + 1), which can be con-
structed by means of the totaly antisymmetric Levi-Civita epsilon tensor εµνλρσ (µ, ν, ... =
0, 1, 2, 3, 4) in combination with the generalized field strength tensors
Γ = εµνλρσTrGµνGλρ,σ = 2 εµνλρσG
a
µνG
a
λρ,σ. (9)
We shall demonstrate that this invariant in five dimensions has many properties of the
Chern-Pontryagin density
P =
1
4
εµνλρTrGµνGλρ = ∂µCµ (10)
in Yang-Mill theory in four dimensions, where
Cµ = εµνλρTr(Aν∂λAρ − i
2
3
gAνAλAρ) (11)
is the Chern-Simons topological current. Indeed, Γ is obviously diffeomorphism-invariant
and does not involve a space-time metric. It is gauge invariant because under the gauge
transformation δξ (56) it vanishes:
δξΓ = εµνλρσTr(δGµνGλρ,σ +GµνδGλρ,σ)
= −igεµνλρσTr([Gµν ξ]Gλρ,σ +Gµν( [ Gλρ,σ ξ] + [Gλρ ξσ] )) = 0.
The variation of its integral over the gauge fields Aaµ and A
a
µλ gives:
δA
∫
M5
d5x Γ = εµνλρσ
∫
d5xTr((∇µδAν −∇νδAµ)Gλρ,σ +
+ Gµν(∇λδAρσ −∇ρδAλσ − ig[δAλ Aρσ]− ig[δAλρ δAρ])) =
− 2εµνλρσ
∫
d5xTr((∇µGλρ,σ − ig[Aµσ Gλρ]) δAν + (∇λGµν) δAρσ)
+ 2εµνλρσ
∫
d5xTr(∇µ(Gλρ,σ δAν) +∇λ(Gµν δAρσ)).
Recalling the Bianchi identity in YM theory and the generalized Bianchi identities for
higher-rank field strength tensor Gνλ,ρ presented in the Appendix, one can see that Γ gets
contribution only from the boundary terms and vanishes when the fields vary in the bulk
of the manifold5:
δA
∫
M5
d5x Γ = 2εµνλρσ
∫
M5
d5x ∂µ Tr(Gλρ,σ δAν +Gνλ δAρσ) =
= 2εµνλρσ
∫
∂M5
Tr(Gλρ,σ δAν +Gνλ δAρσ)dσµ = 0.
Therefore Γ is insensitive to the local variation of the fields. It became obvious that Γ is
a total derivative of some vector current Σµ. Indeed, simple algebraic computation gives
Γ = εµνλρσTrGµνGλρ,σ = ∂µΣµ, (12)
where
Σµ = 2εµνλρσTr(Aν ∂λA̺σ − ∂λAν Aρσ − 2igAνAλAρσ). (13)
5The trace of the commutators vanishes: Tr([Aµ;Gλρ,σδAν ] + [Aλ;GµνδAρσ ]) = 0.
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After some rearrangement and taking into account the definition of the field strength
tensors (5) we can get the following form of the vector current:
Σµ = εµνλρσTrGνλAρσ. (14)
It is instructive to compare the expressions (9), (10) and (11), (14). Both entities P
and Γ are metric-independent, are insensitive to the local variation of the fields and are
derivatives of the corresponding vector currents Cµ and Σµ. The difference between them
is that the former is defined in four dimensions, while the latter in five. This difference
in one unit of the space-time dimension originates from the fact that we have at our
disposal high-rank tensor gauge fields to build new invariants. The same is true for the
Chern-Simons topological current Cµ and for the current Σµ, where the latter is defined
in five dimensions. It is also remarkable that the current Σµ is linear in YM field strength
tensor and in the rank-2 gauge field, picking up only its antisymmetric part.
While the invariant Γ and the vector current Σµ are defined on a five-dimensional man-
ifold, we may restrict the latter to one lower, four-dimensional manifold. The restriction
proceeds as follows. Let us consider the fifth component of the vector current Σµ:
Σ ≡ Σ4 = ε4νλρσTrGνλAρσ. (15)
Considering the fifth component of the vector current Σ ≡ Σ4 one can see that the
remaining indices will not repeat the external index and the sum is restricted to the sum
over indices of four-dimensional space-time. Therefore we can reduce this functional to
four dimensions. This is the case when the gauge fields are independent on the fifth
coordinate x4. Thus the density Σ is well defined in four-dimensional space-time and, as
we shall see, it is also gauge invariant up to the total divergence term. Therefore we shall
consider its integral over four-dimensional space-time6:
∫
M4
d4x Σ = ενλρσ
∫
M4
d4x Tr GνλAρσ. (16)
This entity is an analog of the Chern-Simon secondary characteristic
CS = εijk
∫
M3
d3x Tr (Ai∂jAk − ig
2
3
AiAjAk), (17)
but, importantly, instead of being defined in three dimensions it is now defined in four di-
mensions. Thus the non-Abelian tensor gauge fields allow to build a natural generalization
of the Chern-Simons characteristic in four-dimensional space-time.
As we claimed this functional is gauge invariant up to the total divergence term.
Indeed, its gauge variation under δξ (54), (56) is
δξ
∫
M4
d4x Σ = ενλρσ
∫
M4
Tr(−ig[Gνλ ξ]Aρσ +Gνλ(∇ρξσ − ig[Aρσ ξ]))d
4x =
= ενλρσ
∫
M4
∂ρ Tr(Gνλξσ)d
4x = ενλρσ
∫
∂M4
Tr(Gνλξσ)dσρ = 0. (18)
Here the first and the third terms cancel each other and the second one, after integration
by part and recalling the Bianchi identity (58), leaves only the boundary term, which
vanishes when the gauge parameter ξσ tends to zero at infinity.
6Below we are using the same Greek letters to numerate now the four-dimensional coordinates. There
should be no confusion because the dimension can always be recovered from the dimension of the epsilon
tensor.
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It is interesting to know whether or not the invariant Σ is associated with some new
topological characteristic of the gauge fields. If the YM field strength Gνλ vanishes, then
the vector potential is equal to the pure gauge connection Aµ = U
−∂µU . Inspecting the
expression for the invariant Σ one can get convinced that it vanishes on such fields because
there is a field strength tensor Gνλ in the integrant. Therefore it does not differentiate
topological properties of the gauge function U , like its winding number. Both ”small” and
”large” gauge transformations have zero contribution to this invariant. It may distinguish
fields which are falling less faster at infinity and have nonzero field strength tensor Gνλ
and the tensor gauge field Aρσ.
The dimension of this functional is not difficult to calculate. In four dimensions the
gauge fields have dimension of [mass]1, therefore if we intend to add this new density to
the Lagrangian we should introduce the mass parameter m:
m Σ = m ενλρσTr GνλAρσ, (19)
where parameter m has units [mass]1. Adding this term to the Lagrangian of non-Abelian
tensor gauge fields keeps intact its gauge invariance and our aim is to analyze the particle
spectrum of this gauge field theory. The natural appearance of the mass parameters hints
at the fact that the theory turns out to be a massive theory. We shall see that the YM
vector boson becomes massive, suggesting an alternative mechanism for mass generation
in gauge field theories in four-dimensional space-time.
We have to notice that the Abelian version of the invariant Σ was investigated earlier
in [34, 36, 37, 38, 39, 40, 41, ?, 43, ?, ?]. Indeed, if one considers instead of a non-Abelian
group the Abelian group one can see that the invariant Σ reduces to the ενλρσFνλBρσ and
when added to the Maxwell Lagrangian provides a mass to the vector field [34, 36, 33, 37,
38, 39, ?]. Attempts at producing a non-Abelian invariant in a similar way have come up
with difficulties because they involve non-Abelian generalization of gauge transformations
of antisymmetric fields [39, 41, ?]. Let us compare the formulas (2.16) and (2.17) suggested
in [39, 40] for the transformation of antisymmetric field with the gauge transformation δξ
(54). For lower-rank fields the latter can be written in the following way [21, 22, 23]:
δξAµ = ∂µξ − ig[Aµ, ξ], δζAµ = 0,
δξAµν = −ig[Aµν , ξ], δζAµν = ∂µζν − ig[Aµ, ζν].
The antisymmetric part of this transformation coincides with the one suggested in [39]
if one takes also the auxiliary field Aiµ of [39] equal to zero. The crucial point is that
the gauge transformations of non-Abelian tensor gauge fields δξ (54) cannot be limited
to a YM vector and antisymmetric field Baµν . Instead, antisymmetric field is augmented
by a symmetric rank-2 gauge field, so that together they form a gauge field Aaµν which
transforms as it is given above and is a fully propagating field. It is also important that
one should include all high-rank gauge fields in order to be able to close the group of
gauge transformations and to construct invariant Lagrangian (8).
Let us shortly overview the helicity content of the massless tensor gauge fields before
including a massive term into the Lagrangian [21, 22, 23, 31, 32].
4 Helicity Content of Massless Tensor Gauge Fields
Let us first recapitulate the analysis of the particle spectrum before including new massive
terms into the Lagrangian [21, 22, 23]. In the Yang-Mills theory
LYM = −
1
4
GaµνG
a
µν
7
the free equation of motion is
∂µF
a
µν = 0,
or, in terms of vector gauge field,
(ηµν∂
2 − ∂µ∂ν)A
a
ν = 0,
and it describes the propagation of massless gauge boson of helicity λ = ±1.
The second term in (8) of the Lagrangian L defines the kinetic operator and the
interactions of the rank-2 gauge field Aaµλ
7:
L2 + L
′
2 = −
1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ (20)
+
1
4
Gaµν,λG
a
µλ,ν +
1
4
Gaµν,νG
a
µλ,λ +
1
2
GaµνG
a
µλ,νλ.
Its free equation of motion is [21, 22, 23]
∂µF
a
µν,λ −
1
2
(∂µF
a
µλ,ν + ∂µF
a
λν,µ + ∂λF
a
µν,µ + ηνλ∂µF
a
µρ,ρ) = 0, (21)
where F aµν,λ = ∂µA
a
νλ − ∂νA
a
µλ, or, in terms of tensor gauge field, it takes the form
∂2(Aaνλ −
1
2
Aaλν)− ∂ν∂µ(A
a
µλ −
1
2
Aaλµ)− ∂λ∂µ(A
a
νµ −
1
2
Aaµν) +
+∂ν∂λ(A
a
µµ −
1
2
Aaµµ) +
1
2
ηνλ(∂µ∂ρA
a
µρ − ∂
2Aaµµ) = 0 (22)
and is invariant with respect to the group of gauge transformations
δAaµλ = ∂µξ
a
λ + ∂λζ
a
µ, (23)
where ξaλ and ζ
a
µ are gauge parameters. This free equation describes the propagation
of massless modes of helicity-two and helicity-zero, λ = ±2, 0, charged gauge bosons
[21, 22, 23, 31, 32]. This can be seen by decomposition of the rank-2 gauge field into
symmetric ASµλ and antisymmetric parts Bµλ. For the symmetric tensor gauge fields A
S
νλ
the equation reduces to the free Einstein and Fierz-Pauli equation
∂2ASνλ − ∂ν∂µA
S
µλ − ∂λ∂µA
S
µν + ∂ν∂λA
S
µµ + ηνλ(∂µ∂ρA
S
µρ − ∂
2ASµµ) = 0, (24)
which describes the propagation of massless gauge boson of helicity two, λ = ±2. For the
antisymmetric part of the tensor field it reduces to the equation [33, 34, 36]
∂2Bνλ − ∂ν∂µBµλ + ∂λ∂µBµν = 0
and describes the propagation of helicity-zero state, λ = 0. Let us now see how the
spectrum is changing when we add new invariant Σ to the Lagrangian.
7It has sixteen components in the four-dimensional space-time.
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5 Particle Spectrum with Topological Mass Term
With the new mass term we have to consider the Lagrangian
L = LYM + L2 + L
′
2 +
m
4
Σ = −
1
4
GaµνG
a
µν −
−
1
4
Gaµν,λG
a
µν,λ +
1
4
Gaµν,λG
a
µλ,ν +
1
4
Gaµν,νG
a
µλ,λ −
1
4
GaµνG
a
µν,λλ +
1
2
GaµνG
a
µλ,νλ +
+
m
2
ενλρσG
a
νλA
a
ρσ . (25)
The equations of motion which follow for the YM and rank-2 gauge fields are8:
∇abµ G
b
µν +
m
2
ενµλρG
a
µλ,ρ +
+gfabcAbµλG
c
µν,λ −
1
2
gfabc(AbµλG
c
µλ,ν + A
b
λµG
c
µν,λ + A
b
µνG
c
µλ,λ − A
b
λλG
c
µν,µ) = 0,
∇abµ G
b
µν,λ +
m
2
ενλµρG
a
µρ −
−
1
2
(∇abµ G
b
µλ,ν +∇
ab
µ G
b
λν,µ +∇
ab
λ G
b
µν,µ + ηνλ∇
ab
µ G
b
µρ,ρ) +
+gfabcAbµλG
c
µν +
1
2
gfabc(AbµνG
c
µλ + A
b
λµG
c
µν + A
b
µµG
c
λν − ηνλA
b
µρG
c
µρ) = 0. (26)
Let us consider the free equations when the coupling constant g is equal to zero:
∂µF
a
µν +
m
2
ενµλρF
a
µλ,ρ = 0, (27)
∂µF
a
µν,λ −
1
2
(∂µF
a
µλ,ν + ∂µF
a
λν,µ + ∂λF
a
µν,µ + ηνλ∂µF
a
µρ,ρ) +
m
2
ενλµρF
a
µρ = 0,
where F aµν = ∂µA
a
ν − ∂νA
a
µ, F
a
µν,λ = ∂µA
a
νλ− ∂νA
a
µλ. This is a coupled system of equations
which involved the vector YM field and antisymmetric part of the rank-2 gauge field.
This form of the equations clearly demonstrates why in non-Abelian tensor gauge field
theory it is possible to have equations in four dimensions which include gauge invariant
mass term. In the first equation the free index ν is attached to the epsilon tensor and its
last three indices are contracted to the field strength tensor of rank-2 gauge field F aµλ,ρ.
Obviously in vector gauge theory there are no such objects to contract indices in four
dimensions. In the second equation the free indices ν, λ are attached to the epsilon tensor
and its last two indices are contracted to the YM field strength tensor F aµρ.
In order to analyze the particle content of the free equations (27) it is convenient to
derive them in terms of dual field strength tensors
F ∗µν =
1
2
εµνλρFλρ, F
∗
µ =
1
2
εµνλρFνλ,ρ, (28)
so that the equations will take the form9
1
2
ενµλρ∂µF
∗a
λρ −m F
∗a
ν = 0,
3
2
ενλµρ∂µF
∗a
ρ − 2m F
∗a
νλ = 0. (29)
8At this stage we keep only YM and rank-2 gauge fields in the field equations, the rank-3 gauge field
is inessential for our analysis of the mass spectrum of the lower-rank gauge fields. In the next section we
shall include higher-rank gauge fields as well.
9Thus the second free equation can be written in terms of the dual field strength tensor F ∗ρ . Notice
that the full interacting Lagrangian L2 + L
′
2
cannot be written in terms of this dual tensor because of
the term 1
4
Gaµν,νG
a
µλ,λ.
9
From the first equation it follows that
∂µF
∗a
λρ + ∂λF
∗a
ρµ + ∂ρF
∗a
µλ −m εµλρνF
∗a
ν = 0,
then taking derivative and using Bianchi identity ∂µF
∗a
µν = 0 yields
∂2F ∗aλρ −m ελρµν∂µF
∗a
ν = 0,
and using the second equation in (29) we can get
(∂2 +
4
3
m2)F ∗aλρ = 0, (30)
which describes a particle of the mass
k2 =
4
3
m2 = M2. (31)
In a similar manner from the second equation it follows that
∂µF
∗a
ν − ∂νF
∗a
µ +
2
3
m εµνλρF
∗a
λρ = 0,
then taking derivative and using Bianchi identity ∂µF
∗a
µ = 0 yields
∂2F ∗aν −
2
3
m ενµλρ∂µF
∗a
λρ = 0,
and using the first equation in (29) we can get the same result:
(∂2 +
4
3
m2) F ∗aν = 0. (32)
The above consideration does not tell us how many propagating modes describes the
system of equations (34) on the mass-shell (31). In order to understand better the struc-
ture and the number of propagating modes one should analyze the corresponding free
equations (27) in terms of fields
∂2Aaν − ∂ν∂µA
a
µ +m ενµλρ∂µA
a
λρ = 0, (33)
∂2(Aaνλ −
1
2
Aaλν)− ∂ν∂µ(A
a
µλ −
1
2
Aaλµ)− ∂λ∂µ(A
a
νµ −
1
2
Aaµν) +
+∂ν∂λ(A
a
µµ −
1
2
Aaµµ) +
1
2
ηνλ(∂µ∂ρA
a
µρ − ∂
2Aaµµ) +m ενλµρ∂µA
a
ρ = 0.
As we already mentioned, only the antisymmetric part Bνλ of the rank-2 gauge field Aνλ
interacts through the mass term, the symmetric part ASνλ completely decouples from both
equations, therefore we arrive at the following system of equations:
∂2Aν − ∂ν∂µAµ +m ενµλρ∂µBλρ = 0,
∂2Bνλ − ∂ν∂µBµλ + ∂λ∂µBµν +
2m
3
ενλµρ∂µAρ = 0. (34)
The symmetric part ASνλ fulfils the massless equation (24) and therefore it is not influenced
by the given mass term10.
10As we shall see in the next section the symmetric field can acquire a mass when we include the next
invariant mass term m3 Σ3.
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One can find the structure and the number of propagating modes calculating the rank
of the system (34) when it is written in the momentum representation11:
(−k2ηνµ + kνkµ)eµ + im ενµλρkµbλρ = 0,
(−k2ηνµηλρ + kνkµηλρ − ηνµkλkµ)bµρ + i
2m
3
ενλµρkµeρ = 0. (35)
When k2 6= M2 the system (35) is off mass-shell and we have four pure gauge field
solutions:
eµ = kµ, bνλ = 0;
eµ = 0, bνλ = kνξλ − kλξν . (36)
When k2 6= M2 the system (35) has seven solutions. These are four pure gauge solutions
(36) and additional three solutions representing propagating modes:
e(1)µ = (0, 1, 0, 0), b
(1)
γγ´ =
1
i
M√
~k2 +M2


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 ,
e(2)µ = (0, 0, 1, 0), b
(2)
γγ´ = −
1
i
M√
~k2 +M2


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 ,
e(3)µ = (0, 0, 0,
M√
~k2 +M2
), b
(3)
γγ´ =
1
i


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 . (37)
These propagating modes cannot be factorized into separately vector or separately tensor
solutions as it happens for the pure gauge solutions (36). It is a genuine superposition
of vector and tensor fields. Let us consider the limit M → 0. The above solutions will
factorize, into two massless vector modes e(1)µ , e
(2)
µ , of helicities λ = ±1 and helicity λ = 0
mode b
(3)
γγ´ of antisymmetric tensor - massless modes described in the previous section. But
whenM 6= 0, in the rest frame ~k2 = 0, these solutions represent three spin-1 polarizations.
The above analysis suggests the following physical interpretation. A massive spin-
1 particle appears here as a vector field of helicities λ = ±1 which acquires an extra
polarization state absorbing antisymmetric field of helicity λ = 0, or as antisymmetric
field of helicity λ = 0 which absorbs helicities λ = ±1 of the vector field. It is sort of
”dual” description of massive spin-1 particle.
In order to fully justify this phenomenon of superposition of polarizations one should
develop quantum-mechanical description of tensor fields [40, 41]. It is a challenging prob-
lem because in this field theoretical model we have infinite number of fields. Not much is
known about how to deal with such systems. One can develop ”naive” Feynman rules for
transition amplitudes, but there is a need for deeper understanding of the corresponding
path integral which is not only over fields at infinitely many space-time points, but also
over infinitely many fields. It is impossible to make truncation to finite number of fields
without breaking their gauge symmetries.
11We are using the method developed in [31, 32].
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6 High-Rank Mass Terms
Let us consider now the next invariant in five-dimensional space-time (4+1) which can be
constructed using totally antisymmetric Levi-Civita epsilon tensor in combination with
the generalized field strength tensors. It has the following form:
Γ3 = εµνλρσTr{GµνGλρ,σαα + 2Gµν,αGλρ,σα +Gµν,σGλρ,αα}. (38)
As one can easily check this entity is also gauge invariant, because under the gauge
transformation (56) its variation vanishes:
δξΓ3 = 0.
It is not a metrically independent density, because not all Lorentz indices are contracted
by the epsilon tensor, part of them are contracted by the space-time metric. In this
respect it differs from the density Γ, but it keeps other important properties of density Γ
which we shall explore here. Indeed, the density Γ3 can be represented as a derivative of
the vector current:
Γ3 = = ∂µΞµ, Ξµ = εµνλρσTr{GνλAρσαα + 2Gνλ,αAρσα +Gνλ,ααAρσ}. (39)
Considering the fifth component of the vector current Ξµ
Ξ ≡ Ξ4 = ε4νλρσTr{GνλAρσαα + 2Gνλ,αAρσα +Gνλ,ααAρσ}, (40)
we shall reduce it to four dimensions12. This is the case when the gauge fields are in-
dependent on the fifth coordinate x4. The density Ξ is well defined in four-dimensional
space-time and it is gauge invariant up to a total divergence term. Indeed, its integral
over the four-dimensional space-time13
Ξ = ενλρσ
∫
d4x Tr{GνλAρσαα + 2Gνλ,αAρσα +Gνλ,ααAρσ} (41)
changes under the gauge variation (54), (56) as follows
δξΞ = ενλρσ
∫
Tr(−ig[Gνλ ξ]Aρσαα +Gνλ(∇ρξσαα − ig[Aρσ ξαα]− 2ig[Aρα ξσα]
− 2ig[Aρσα ξα]− ig[Aραα ξσ]− ig[Aρσαα ξ]) + 2(−ig[Gνλ,α ξ]− ig[Gνλ ξα])Aρσα
+ 2Gνλ,α(∇ρξσα − ig[Aρσ ξα]− ig[Aρα ξσ]− ig[Aρσα ξ])
+ (−ig[Gνλ,αα ξ]− 2ig[Gνλα ξα]− ig[Gνλ ξαα])Aρσ
+ Gνλ,αα(∇ρξσ − ig[Aρσ ξ]))d
4x =
= ενλρσ
∫
Tr∂ρ(Gνλξσαα + 2Gνλ,αξσα +Gνλ,ααξσ)d
4x = 0,
and vanishes because terms in front of ξ, ξα and ξαα cancel each other, the others after
integration by part and recalling the Bianchi identities (58), (59) reduce to the boundary
terms which vanish when the gauge parameters ξσαα, ξσα and ξσ tend to zero at infinity.
12Here the index α can repeat the external index µ. Therefore we should separately consider the term
ενλρσTr{GνλAρσ44 + 2Gνλ,4Aρσ4 + Gνλ,44Aρσ} as an additional expression in Ξ4. We have additional
tensor fields in four-dimensions: Aµ4 = A˜µ, Aµ44 =
˜˜
Aµ, Aµν4 = A˜µν , Aµν44 =
˜˜
Aµν , and for them the
above invariant reduces to the form ενλρσTrG˜νλA˜ρσ, which we already studded in the previous sections.
In the following consideration we shall take all these additional fields equal to zero.
13Below we are using the same Greek letters to numerate now four-dimensional coordinates.
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The dimension of this functional is not difficult to calculate, in four dimensions the
gauge fields have dimension of [mass]1, therefore if we intend to add this new term to the
action we should introduce the next mass parameter m3:
m3
2
Ξ =
m3
2
ενλρσ
∫
Tr{GνλAρσαα + 2Gνλ,αAρσα +Gνλ,ααAρσ}d
4x, (42)
where m3 has dimension of [mass]
1. To study the influence of this term on the parti-
cle spectrum of the theory we have to consider quadratic on gauge fields terms of the
Lagrangian. The free equations of motion will take the following form14:
∂µF
a
µν +
1
2
∂µ(F
a
µν,λλ + F
a
νλ,µλ + F
a
λµ,νλ) +
m
2
ενµλρF
a
µλ,ρ = 0,
∂µF
a
µν,λ −
1
2
(∂µF
a
µλ,ν + ∂µF
a
λν,µ + ∂λF
a
µν,µ + ηνλ∂µF
a
µρ,ρ)
+
m
2
ενλµρF
a
µρ +
m3
2
ενλµρF
a
µρ,σσ +m3 ενµρσF
a
µρ,σλ = 0,
∂µF
a
µν,λρ −
1
3
∂µF
a
µλ,νρ −
1
3
∂µF
a
µρ,νλ +
1
3
∂µF
a
νλ,µρ +
1
3
∂µF
a
νρ,µλ + (43)
+
1
3
∂λF
a
νµ,µρ +
1
3
∂ρF
a
νµ,µλ +
1
6
∂λF
a
νρ,µµ +
1
6
∂ρF
a
νλ,µµ −
−ηλν(
1
3
∂µF
a
µσ,σρ +
1
6
∂µF
a
µρ,σσ)− ηνρ(
1
3
∂µF
a
µσ,σλ +
1
6
∂µF
a
µλ,σσ) +
+ηλρ(
1
2
∂µF
a
µν,σσ −
1
3
∂µF
a
µσ,σν +
1
3
∂µF
a
νσ,σµ) +
+ηλρ∂µF
a
µν −
1
2
(ηνρ∂µF
a
µλ + ηνλ∂µF
a
µρ) +
1
2
(∂ρF
a
νλ + ∂λF
a
νρ) +
+
m3
2
( ενλµσF
a
µσ,ρ + ενρµσF
a
µσ,λ + ενµγσηλρF
a
µγ,σ) = 0.
From the second equation for the rank-2 gauge field it follows that now its symmetric part
ASνλ interacts through the second mass term with the antisymmetric part of the rank-3
gauge field
m3
2
(ενµρσF
a
µρ,σλ + ελµρσF
a
µρ,σν) = m3 (ενµρσ∂µA
a
ρσλ + ελµρσ∂µA
a
ρσν)
and from the third equation - that the rank-3 gauge field interacts with the rank-2 gauge
field, so that together they form a coupled system of equations similar to the one consid-
ered in the previous section and can produce massive particle of spin-2. In general it is
a complicated system of coupled linear equations and full understanding of its solutions
requires detailed analysis which we shall provide elsewhere.
At the end of this section we shall present the general form of the invariant which can
be constructed in terms of higher-rank field strength tensors and epsilon tensor in four
dimensions
Σ2s+1 = εµνρσ
∫
d4x Tr{GµνAρσλi1λi1 ...λisλis + ...+Gµν,λi1λi1 ...λisλisAρσ}. (44)
As we already suggested, it can be added to the massless Lagrangian (8) with different
mass parameters m2s+1 as in (4). The consequences of this extension on the particle
spectrum is not so easy to analyze and some general method should be developed to
resolve the particle spectrum at subsequent levels.
14We keep only the YM, rank-2 and rank-3 gauge fields in the free field equations. The rank-4 and
high-rank gauge fields should be considered at subsequent levels.
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7 Topological Density in Six Dimensions
In the previous sections we considered the densities in five and four dimensions. It is
also possible to construct invariants in higher dimensions. First let us consider metric-
independent density in six dimensions:
∆ = εµνλρσκ Tr Gµν,λGρσ,κ, (45)
which is a gauge invariant entity, because under transformation δξ (56) it vanishes:
δξ∆ = εµνλρσκTr(δGµν,λGρσ,κ +Gµν,λδGρσ,κ)
= −igεµνλρσκTr([Gµν,λ ξ] + [Gµν ξλ])Gρσ,κ +Gµν,λ( [ Gρσ,κ ξ] + [G̺σ ξκ] )) = 0.
The ∆ is obviously diffeomorphism-invariant and does not involve a space-time metric. It
is also true that ∆ is a total derivative of a vector current Πµ. Indeed, simple algebraic
computation gives
∆ = εµνλρσκ Tr Gµν,λGρσ,κ = 2 ∂µΠµ, (46)
where
Πµ = εµνλρσκ Tr Gνλ,ρAσκ. (47)
While the invariant ∆ and the vector current Πµ are defined on a six-dimensional manifold,
we may restrict the latter to one lower, five-dimensional manifold. Considering the sixth
component of the vector current Πµ
Π ≡ Π5 = ε5νλρσκTrGνλ,ρAσκ. (48)
one can see that the remaining indices will not repeat the external index and the sum is
restricted to the sum over indices of five-dimensional space-time. Therefore we can reduce
this functional to five dimensions. This is the case when the gauge fields are independent
on the sixth coordinate x5. Thus the density Π is well defined in five-dimensional space-
time and, as we shall see, it is also gauge invariant up to the total divergence term.
Therefore we shall consider its integral over five-dimensional space-time:∫
M5
d5x Π = ενλρσκ
∫
M5
d5x Tr Gνλ,ρAσκ. (49)
This functional is gauge invariant up to the total divergence term. Its gauge variation
under δξ (54), (56) is
δξ
∫
M5
d5x Π = ενλρσκ
∫
M5
∂σ Tr(Gνλ,ρ ξκ)d
5x = ενλρσκ
∫
∂M5
Tr(Gνλ,ρξκ)dσσ = 0,
where the boundary term vanishes when the gauge parameter ξκ tends to zero at infinity.
One can construct higher-rank extension of the above densities. The first in this
infinite series is
∆3 = εµνλρσκGµν,λαGρσ,κα , (50)
the second has two varieties
∆5 = εµνλρσκGµν,λαβGρσ,καβ ,
∆
′
5 = εµνλρσκGµν,λααGρσ,κββ
(51)
and so on. These invariants may be important for the physics of D-branes in corresponding
dimensions.
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8 Note Added
In the higher-spin literature and, in particular, in the work of Metsaev and others, it was
shown that the consistency of the interaction vertices with the Poincare´ symmetry requires
that the cubic interaction vertices should contain a number of derivatives greater or equal
to s1 + s2 + s3 − 2smin, where sa, a = 1, 2, 3 are the spins of the interacting particles.
This result seems to be in a contrast with the form of the interaction vertices in the
generalized Yang-Mills theory [21, 22, 23], in which all interaction vertices between high-
spin fields have dimensionless coupling constants in four-dimensional space-time. That is,
the cubic interaction vertices have only first order derivatives, there is no self-interaction
cubic vertices and that the quartic vertices have no derivatives.
Let us see first why the generalized Yang-Mills theory predicts that the cubic inter-
action vertices have only first order derivatives and that it avoids self-interaction cubic
vertices. The general structure of the vertices is defined by the gauge and Lorentz invari-
ant Lagrangian (4), which is quadratic in the field strength tensors (6) and (7). The field
strength tensors themselves are quadratic in high-spin fields (5), therefore the Lagrangian
(4) contains only quadratic, cubic and quartic vertices. The cubic vertices appear in the
product of the derivative terms and quadratic terms of the field strength tensors (5) and
have the following general structure: g∂As1As2As3, while there is no self-interaction ver-
tices with s1 = s2 = s3. The quartic vertices appear in the product of quadratic terms
g2As1As2As3As4 . These structure of the vertices is a consequence of the gauge and Lorentz
invariance of the Lagrangian (4), which has been proven explicitly by using formulas (54)
and (56) [21, 22, 23].
Next, let us see that:
A) from the work of the Go¨teborg group it also follows that there exists a large class of
Poincare´ invariant cubic vertices for high spin fields which have only first order deriva-
tives, in agreement with the cubic vertices of the generalized Yang-Mills theory,
B) in the work of Metsaev there is a place where the author has made assumption which
leads him to the conclusion that the cubic vertices should have higher derivatives, in con-
trast with the results of Go¨teborg group,
C) from spinor representation of the cubic vertices for high spin fields it also follows that
there are dimensionless Poincare´ invariant cubic vertices [54, 55].
D) dimensionless cubic vertices for high spin fields appear in open string theory with
Chan-Paton charges when one compute tree-level scattering amplitudes [56, 57, 58, 59].
A) Let us review the results of the Go¨teborg group which are published in [45, 46, 47].
In the light-front formulation of relativistic dynamics used in [45, 46, 47] the massless
particles of spin-s are described by a complex function φs which encodes two physical
helicities h = ±s of the massless particles. In this approach there are no auxiliary fields
and questions associated with the gauge invariance, because it permits to work with the
physical fields φs exclusively. What one should be concerned of is the relativistic invariance
of the scattering amplitudes. The Poincare´ group is realized here non-linearly and one
should derive the self-interaction cubic vertices as a non-linear realization of the Poincare´
group [45, 46]. The authors came to the conclusion that there are s derivatives in the
cubic self-interaction vertices and the coupling constant has dimension of [mass]1−s. This
result of Lars Brink and his collaborators raised expectations that a consistent interacting
theory might exist in flat space-time, because this approach demonstrated the existence
of physically non-trivial interaction of high spin particles.
The next important step has been made in [47] where the authors derived the cubic
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vertices for all massless bosonic representations of the Poincare´ group which includes
interactions between different spins s1, s2, s3. For the cubic vertices in four dimensions
they found the following expressions (see formulas (A1.4-6) in [47]):
M3 =
∫
Dβs11 β
−s2
2 β
−s3
3 P¯
(s2+s3−s1)φ¯s1(1)φs2(2)φs3(3)+CC, if s2+s3 > s1, (A1.4)
M3 =
∫
Dβ−s11 β
s2
2 β
s3
3 P¯
(s1−s2−s3)φs1(1)φ¯s2(2)φ¯s3(3)+CC, if s1 > s2 + s3, (A1.5)
M3 =
∫
Dβ−s11 β
−s2
2 β
−s3
3 P¯
(s1+s2+s3)φs1(1)φs2(2)φs3(3)+CC, (A1.6)
where βa = 2p
+
a and a = 1, 2, 3 numerates the interacting particles, D denotes the
momentum integration and momentum delta functions. The transverse momentum is
P = 1
3
∑
a βˆapa, βˆa = βa+1 − βa+2. Here transverse momenta pa, fields φs and all vectors
A are defined as complex variables A = A1 + iA2, A¯ = A1 − iA2. If one takes the spins
of the scattered particles such that
s2 + s3 − s1 = 1, or s1 − s2 − s3 = 1, , or s1 + s2 + s3 = 1, (52)
then one can get the cubic vertices (A1.4-6) which are linear in momentum P , in agree-
ment with the cubic vertices of the generalized Yang-Mills theory [21, 22, 23].
B) It seems to me that the following assumption in the work of Metsaev [48, 49], who
follows the light-front formulation of the Go¨teborg group, is not necessary and therefore
leads him to a different conclusion. His general formula for the cubic vertex (5.9) in [48]
is
M3 ∼ Z
(s1+s2+s3−k)/2
∏
Bsa+(k−s1−s2−s3)/2a , (5.9)
where Z and Ba, a = 1, 2, 4 are linear in momenta functions and the vertex has therefore k
powers of the transverse momenta. It is assumed that: ”The powers of the forms Ba and
Z in (5.9) must be nonnegative integers.” This leads the author to the conclusion that the
number of derivatives in the vertex should be greater or equal to s1+ s2+ s3−2smin. But
as it was demonstrated in [47] the ratio of two polynomials of momenta can be reducible
in four dimensions, therefore one should allow negative integer powers as well. This leads
the authors of [47] to the vertices (A1.4-6).
C) As it was demonstrated in [47, 50, 51, 52, 53], the ”morphology” of the available
invariant vertices is much richer when the interaction between different spins is allowed
(52). The main difficulty here is to derive or to guess the genuine form of the full La-
grangian which is behind the perturbative constructions, that is, to extend the results
to the second and higher orders in the deformation parameter. There is a need here to
understand the structure of high spin interactions beyond the perturbation theory. The
spinor representation of the scattering amplitudes may offer such a solution. One can get
the dimensionless cubic vertices using the results of the Benincasa and Cachazo [54], they
are [55]:
M3 = f < 1, 2 >
−2h1−2h2−1< 2, 3 >2h1+1< 3, 1 >2h2+1, h3 = −1− h1 − h2,
M3 = k [1, 2]
2h1+2h2−1 [2, 3]−2h1+1 [3, 1]−2h2+1, h3 = 1− h1 − h2. (53)
and are identical to the conditions (52). The formulas (53) give a general expression for
the cubic vertices in terms of two independent helicities h1 and h2. It allows to choose
any h1 and h2 and then to find out h3 for which the three-particle interaction vertex
in four-dimensional space-time will have dimensionless coupling constants f and h. The
details can be found in [54, 55].
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9 Appendix
The extended non-Abelian gauge transformation δξ of the tensor gauge fields is defined
by the equations [21, 22, 23]:
δξAµ = ∂µξ − ig[Aµ, ξ]
δξAµν = ∂µξν − ig[Aµ, ξν]− ig[Aµν , ξ]
δξAµνλ = ∂µξνλ − ig[Aµ, ξνλ]− ig[Aµν , ξλ]− ig[Aµλ, ξν]− ig[Aµνλ, ξ], (54)
..............................,
where ξaλ1...λs(x) are totally symmetric gauge parameters, and comprises a closed alge-
braic structure. The tensor gauge fields are in the matrix representation Aabµλ1...λs =
(Lc)
abAcµλ1...λs = if
acbAcµλ1...λs and f
abc are the structure constants. The generalized field
strength tensors are defined as follows [21, 22, 23]:
Gµν = ∂µAν − ∂νAµ − ig[Aµ Aν ], (55)
Gµν,λ = ∂µAνλ − ∂νAµλ − ig( [Aµ Aνλ] + [Aµλ Aν ] ),
Gµν,λρ = ∂µAνλρ − ∂νAµλρ − ig( [Aµ Aνλρ] + [Aµλ Aνρ] + [Aµρ Aνλ] + [Aµλρ Aν ] ),
...... . ............................................
and transform homogeneously with respect to the extended gauge transformations δξ:
δGaµν = −ig[Gµν ξ], (56)
δGaµν,λ = −ig( [ Gµν,λ ξ] + [Gµν ξλ] ),
δGaµν,λρ = −ig( [G
b
µν,λρ ξ] + [Gµν,λ ξρ] + [Gµν,ρ ξλ] + [Gµν ξλρ] ),
...... . ............................................
The field strength tensors fulfil the Bianchi identities [31]. In the YM theory the Bianchi
identity is
[∇µ, Gνλ] + [∇ν , Gλµ] + [∇λ, Gµν ] = 0, (57)
and for the higher-rank field strength tensors Gνλ,ρ and Gνλ,ρσ they are:
[∇µ, Gνλ,ρ]−ig[Aµρ, Gνλ]+[∇ν , Gλµ,ρ]−ig[Aνρ, Gλµ]+[∇λ, Gµν,ρ]−ig[Aλρ, Gµν ] = 0, (58)
[∇µ, Gνλ,ρσ]− ig[Aµρ, Gνλ,σ]− ig[Aµσ, Gνλ,ρ]− ig[Aµρσ, Gνλ] + cyc.perm.(µνλ) = 0 (59)
and so on.
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